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Last time 



Radial equation for given angular momentum eigenstate Yi„(9, 0) with quantum num- 
ber / 

fi^ ( 2 d\ fiHQ + 1) 



+ 



+ V(r) 



2m\dr^ rdrl 2mr^ 
can be written in form of ID SE with effective potential 

nH{i + 1) 



Rniir) = E„,R(r) (23-1) 



Veff(r) = V(r) + 



2mr^ 



by defining u(r) = rR{r), 



- + V^s{r)u{r) = Eu(r). 

2m or^ 



Specialization to hydrogen atom: 



V{r) = - 



AnsQr 



Define dimensionless variables 
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Asymptotic solutions: 



and Taylor expansion 



u(p) = sip)p^*^e 2, forp — > oo,p — > 



leads to recursion relation 



S(P) = 2_j ^kP 

k=0 

k+l+l-A 



Qk {k+\){k + 2{l+\))' 
Boundary conditions for p ^ oo require series to terminate at some 



k = rir 
Hr + I + I = A, 



(rir radial quantum number) 
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Define 



A = n = Hr + I + I, 

1 ^(Zaf 
E„ = --mc — r— 



(principal quantum number) 



not relativistic formula, only written in simple form using 

^2 



a = 



(fine structure constant) 



(23-12) 
(23-13) 

(23-14) 



In general, the (unnormalized) polynomial sip) is the associated Laguerre polyno- 
mial, 

' ~ ' (23-15) 

(23-16) 



sip) = iJ^ip) 



defined as 



m=0 



n + a\i-p) 



ml ml 



The 3D wavefunction is given by: 

ilrnUr,9,(f)) = Rni(r)YUe,(f>) 

= '^YUe,cf>) 



with 



uip) = sip)p'^^e 



normalized such that 

dh\il,ni,n{r)? = ^ da\Y„iie,<p)\^ r'dARM^ 



The probabiUty to find particle within shell [r, r + dr\ is given by 

= \uir)\^ ^ dQ\Y„i\ 



^ da\Yni\^r'\Rir)\^dr 



(23-17) 
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(23-19) 
(23-20) 

(23-21) 



Degeneracy of the hydrogen spectrum 

For given li all magnetic quantum numbers m have the same energy, so each / is (21 + 1) 
degenerate. Also, for each n = n^-!-/-!- 1 , the radial quantum number Ur can take on the values 
= 0, 1, . . . , n - 1, and the / quantum number the corresponding values / = 0, l,...,n-l. 
So for given n, the total number of degenerate states is 

\2 



^_1^ + ^_3^ + --- + 2(r- 1) + 1 = in + \y 

(/=0) (/=1) ^ '^i^) 

Actually, there are twice as many states because each electron has two spin states. 



(23-22) 
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Figure I: Energy level structure of hydrogen atom. 

Normalized time-independent eigenstates of hydrogen 



Is 
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Spectroscopic Notation 



/ = 


is called 


s 


1 = 1 


is called 


P 


1 = 2 


is called 


d 


1 = 3 


is called 


f 



Some useful expectation values for the hydrogen atom 

Given the wavefunctions R(r), we can calculate expectation values 

Jo 



drr^^'\R„i(rf 



{r} = ^[3n^-l(l+l)] 



1 

r 



1 2 

° -[5nH 1 -3/(/+ 1)] 
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(23-26) 
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(23-28) 
(23-29) 

(23-30) 



ay{i + i) 

Lifting of degeneracy in hydrogen atom 

Further interactions, that we have neglected so far, lift the degeneracy between s,p,d levels. 
For instance, from the electron's point of view, the moving proton corresponds to a current. 
The associated magnetic field couples to the magnetic moment associated with the spin of 
the electron: spin-orbit interaction. Furthermore, relativistic effects lead to energy shifts 
that depend on the total angular momentum J = L + S of the electron (8.05: addition of 
angular momenta). Also, the proton has spin that has a small magnetic moment associated 
with it. The interaction between the proton's and the electron's magnetic moments is called 
the hyperfine interaction, and leads to shifts that depend on the total angular momentum F = 
J + I = L + S + Iof the atom, where I is the spin of the proton (nucleus). While the intrinsic 
angular momentum (spin) of fundamental particles is always fijl, composite particles, such 
as nuclei, can have integer spin if the number of constituents is even. Therefore, when 
viewed as single particles, atoms can be bosons (integer spin) or fermions (half-integer 
spin), with dramatic consequences for quantum statistics and low-temperature behavior. 
Two identical fermions must be described by a wavefunction that is antisymmetric with 



Massachusetts Institute of Technology 



XXIII-4 



8.04 Quantum Physics 



Lecture XXHI 



\'0 




'Tfc. %, 
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(c)n, = l,/ = 0,« = 2 
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(d) = l,/ = 0,n = 2 




(e)n, = 0,/= l,n = 2 (f) n, = 0,/ = l,n = 2 





(g) = 2, / = 0, « = 3 



(h) = 2J = 0,« = 3 



Figure II: A few radial wavefunction. Displayed on the left is the wavefunction R„i, on 
the right the probability density |m„/P = r^|i?„/p. is the number of nodes in the radial 
wavefunction. 



respect to particle exchange. 



^^T(ri,r2) = -ilrg(r2,ri) 



(23-31) 
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=> wavefunction vanishes for ri - ^ fermions avoid each other. 

Bosons are described by symmetric wavefunction with repect to particle exchange 

^^^B(ri,r2) = +^/^B(r2,ri) (23-32) 

=> Bosons are more likely to be found at same position —> lasers, Bose-Einstein conden- 
sation, superconductivity, classical notion of fields where amplitudes can be added. 



Polarization of light 

A classical light field traveling along z can be linearly polarized along x, 

£(^,0 = eoey'^"'■"^ (23-33) 

linearly polarized along y, 

8(z,0 = eoe3,e"', (23-34) 
linearly polarized along a direction e = cos Oe^c + sin Qcy, in the xy plane, 

8(z,0 = £0^^"', (23-35) 



circularly polarized 



1 
1 

£L,R(z,0 = eoW^-'"' (23-38) 



eR = —(e^ + iCy) (23-36) 



= — (^x - iey) (23-37) 



or, in general, elHptically polarized 

8 = COS Oe^ + e'^ sin OeyZiz, t) = soee''''-''^' (23-39) 

Any two orthogonal polarization (e.g., (e^, Cy), {^{e^ + ey),^{e^ - Cy)), (^l, Cr), ...) 
form a basis. An arbitrary polarization can be expressed as a superposition of the two basis 
polarizations. 

A linear polarizer has one strongly absorbing direction of polarization (ideally 8 • e = 
along that direction of polarization after the polarizer), and one weakly absorbing direction 
(ideally: no absorption). If we call the latter the axis of the polarizer, the light behind the 
polarizer is linearly polarized along that axis. No light is transmitted through two crossed 
polarizers unless a third polarizer is inserted between them at an intermediate angle In this 
case the transmitted field is 

8o • {e^ ■ -^(e^ + ey))-^(e^ + Cy) ■ Cy = I^sq (23-40) 
V2 V2 ^ 



Massachusetts Institute of Technology 



XXIII-6 



8.04 Quantum Physics 



Lecture XXHI 




Figure III: The polarization of the transmitted light is 8,^ = (8inc • ex)exe'''^- 




Figure IV: Light can pass two crossed polarizers if a third polarizer is inserted between 
them that is oriented at an angle. 

and the transmitted intensity is proportional to [^£0]^. The variation of transmitted electric 
field with polarizer angle, e = cos Ocx + sin 9ey for incident field along x, s = sqBx is 
= cos 6, so the transmitted intensity varies as cos^ 6 

Quantum mechanical description 

A light beam consists of photons, if we attenuate the beam to the level where only on 
photon passes though the polarizer at any given time, then because photons appear only 
as units, the photon is either absorbed or it is not: The probability for the photon passing 
the polarizer is now cos^ 6 (the probabililty amplitude is 9). The polarizer "measures" the 
polarization state of the photon: if the photon is polarized along the polarizer axis, it is 
transmitted, if polarized perpindicular to the polarizer axis, the photon is absorbed. 
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